The sewer network design problem consists of determining both the layout and the hydraulic design of the system. This paper aims to find an optimal hydraulic design for a specific layout consisting of a series of pipes. An optimal hydraulic design of a series of pipes is that which satisfies all the hydraulic, commercial, and construction constraints, while minimizing the construction costs. The present paper proposes a graph modeling framework in which the result of a shortest path problem coincides with the hydraulic design, and the underlying graph models the diameter and slope of each pipe in the series. To assess the performance of the methodology, several numerical examples are presented varying the pipe material, the topography, and the number of pipes in the series.
INTRODUCTION
The sewer network design problem consists of determining both the layout and the hydraulic design of the system. The layout of the network is defined by the initial pipes and the flow direction of each pipe. The hydraulic design determines the diameter and the slope of the pipe to be installed at each link of the sewer network, where a link refers to the span between two manholes. Moreover, pipe diameters are chosen from a discrete set of commercial diameters and the slope of a pipe is related to the elevation gap of its extremes. In this paper, the layout is assumed to be a series of pipes that might belong to a complete sewer network. The challenge is to find a minimum-cost design that accomplishes all hydraulic and construction constraints established by the corresponding national legislation. In the following, it is assumed that the design flow rate for each pipe is known beforehand. The design flow rate for a pipe corresponds to the inflow at the upstream manhole of the pipe plus the flow rate coming from the upstream pipes. The input information of the problem includes topographic information (horizontal length of the links and ground elevation of the manholes), commercial characteristics (available pipe materials and diameters), physical characteristics of the fluid (water density and viscosity), and hydraulic characteristics (flow resistance formula and pipe's internal roughness). In this work, the hydraulic constraints that must be fulfilled are: a minimum pipe diameter, a maximum filling ratio, a minimum wall shear stress, a minimum and maximum velocity, and a minimum and maximum slope.
Sewer network design involves two different problems
(the layout definition and the hydraulic design), and due to their complexity it is not common practice to solve them simultaneously. Available solution strategies in the literature propose solving both problems sequentially, but the hydraulic design problem has received more attention through both exact and heuristic methodologies.
Several exact approaches have been proposed for both problems. Haith () used dynamic programming (DP) to obtain an optimal design of a series of pipes by considering a single pipeline divided into different segments, each with constant inflow and cost parameters. Decision variables in Kulkarni & Khanna () also used a DP approach to design a minimum-cost gravity-pumped sewer network using a modification of the Hazen-Williams equation. The authors simplified the design problem based on the concept of costeffective feasible groupings at junctions. This DP approach consists of two parts: the first one fixes control variables associated with each link, and the second one calculates the hydraulic and cost statements. DP methodologies often suffer from the well-known curse of dimensionality, which limits their ability to solve large-scale instances. Li & Matthew () used a nonlinear programing model to establish both topographic and hydraulic factors such as flow rate, size, and gradient of pipes. In this methodology, the authors divided the problem into two submodules. Given a layout, the first submodule optimizes the size and gradient of the pipes and the location of on-line pumping stations. The second submodule determines the flow rate using a searching direction method that looks for pipes where the flow rate can be modified to decrease the value of the objective function. To set the initial layout, Dijkstra's algorithm is used to create a shortest path-spanning tree, with the links weight being the product between its length and its average ground elevation.
More recently, Swamee & Sharma () used linear programming (LP) to obtain an optimal design for a series of pipes without linearizing the objective function or the constraints. To do so, lengths and diameters of each pipe are fixed to the commercially available diameters. The authors tested their methodology over a series of five pipes and obtained an optimal (yet simplified) design. () developed a rebirthing GA that performs a first quick design using a standard GA, narrowing the search space around the best solutions, and then creating a new random population that is evaluated over the narrowed search space in order to find near-optimal solutions quickly. This methodology reduces the sensitivity of the GA to the number of individuals in its population. Cimorelli et al.
() used an enhanced genetic algorithm to find a nearoptimal design of rural drainage networks while making a simultaneous evaluation of the design discharges that vary due to climatic and hydrologic characteristics. Sanchez The rest of the paper is organized as follows: the following section presents the proposed methodology. Then, the solution strategy is explained in detail. Finally, several numerical experiments over theoretical series of pipes are presented, followed by the last section that concludes the paper and outlines future research.
METHODOLOGY The shortest path problem
The shortest path problem is defined over a graph
É is a set of arcs, and c ij is the cost (e.g., distance, time, etc.) of traversing
The objective is to find a minimum-cost path (e.g., shortest distance or minimum travel time) from a specific initial node v s ∈ N to a destination node v t ∈ N (Bellman ). Main applications of this optimization model arise in transportation and routing problems. Formally, the shortest path problem is defined as follows:
s:t:
where x ij is a binary variable valued as one if the arc v i , v j À Á ∈ A belongs to the shortest path and valued at zero otherwise. The objective function (1) minimizes the costs of the path. This is subject to Equation (2) that establishes the flow balance constraints that guarantee the structural properties of a path, and Equation (3) that restricts the variables to be binary-valued.
To solve this problem, there are different algorithms such as Bellman-Ford algorithm (Algorithm 1) or Dijkstra's algorithm that use labels (DP) to find an optimal solution (Ahuja et al. ) . In this work, the Bellman-Ford algorithm is used due to the particular structure of the underlying graph,
i.e., a directed-acyclic graph that is ordered in a topological 
Graph modeling
To build the underlying graph of the shortest path problem, several parameters are utilized as input data. Let
the series of pipes, where manhole m 0 ∈ P is the starting point, manhole m K ∈ P is the discharge point of the sewer system, and Q k and ∇ k are the inflow and ground elevation at manhole m k ∈ P, respectively. Due to the sequential structure of the sewer system, the design flow rate for a pipe between manholes m k and m kþ1 is precomputed as
be the set of commercial diameters available and l be the length of each pipe in the series.
In the underlying graph that models the series of pipes, each manhole is represented by a subset of nodes and each arc connects two nodes of consecutive manholes to represent a pipe with a particular diameter and slope.
is the set of all nodes in the graph, and
resents the invert elevation of the pipe at manhole m k ∈ P,
resents the diameter of an incoming pipe to manhole m k ∈ P that starts at manhole m kÀ1 ∈ P. Figure 1 shows an example of the subset N k for a given manhole m k ∈ P:
Additionally, there is a set of arcs 
where d is the pipe diameter and V is the excavation volume required for placing the pipe (Navarro ). It is worth noting that without affecting the methodology, this equation
can be replaced by any other equation or value that better fits the construction costs of the country in which the system is going to be constructed. Also, the equation could include the costs of manholes and pumping stations, as proposed by Marchionni et al. () .
Given that the information of the diameter is saved as an attribute of the nodes, Equation (5) and its corresponding attributes. Figure 3 shows an illustrative example of a graph that represents a sewer system with three manholes (m 0 , m 1 , m 2 ) and
At each manhole, nodes are grouped in smaller rectangles to represent different depths at which the pipes can be placed, 
The elevation change e ∇ is an input parameter of the methodology that establishes a numeric tolerance of the designs.
Basic hydraulic constraints are taken into account as the graph is built. Feasible arcs between nodes must satisfy that (1)- (3)), the objective function can be rewritten to detail the cost of a path (design). Equation (7) 
min
Notice that Equation (7) 
Hydraulic constraints
The graph presented in Figure 3 takes into account basic hydraulic constraints that prohibit decreasing diameters and adverse slopes. However, there is also a set of hydraulic constraints that are usually considered in the literature (and legislation) of sewer systems design that must be addressed.
In this work, the hydraulic design uses the Darcy-Weisbach resistance equation ( Finally, there is a constraint that bounds the depth at which pipes can be placed. These allowed depths are measured from the ground to the crown elevation of the pipes. The minimum depth (h min ) protects the structure of Table 2 , according to RAS (2000) .
Solution strategy
This section presents the solution strategy as a three-step procedure based on the graph modeling and the shortest path algorithm presented above. The first step consists in generating the nodes for each manhole. In the second step, the graph that represents all the possible solutions is built with only feasible arcs while Bellman-Ford algorithm is executed simultaneously. The third step extracts the optimal solution from the graph.
Given the input data described in the graph modeling section, the first step is to generate all the nodes of the graph and organize them in subsets at every manhole m k ∈ P. Algorithm 2 presents the nodes generation process for every manhole m k ∈ P, which receives as input parameters the set of commercial diameters D, the set of manholes P, and the ground elevation ∇ of each manhole.
Lines 1-19 generate the nodes for each manhole m k ∈ P.
Lines 2 and 3 set the upper and lower excavation bounds.
Lines 4-8 create the nodes for the first manhole m 0 (one node per diameter in D), and are placed at the upper limit.
For the other manholes, the node generation process is presented in lines 9-18. In these manholes there is one node for each combination of diameter δ v Table 2 ), there are 380 elevations to evaluate in a range of 3:8 m (from 1:2 m to 5 m above the ground level).
Similarly, if e ∇ ¼ 10 cm, there are 38 elevations to evaluate.
Therefore, there is a tradeoff between the precision of the design versus the computational effort to create the graph and solve the corresponding shortest path problem.
Algorithm 2 | Create nodes for each manhole. The next step is to create only those arcs that satisfy all the commercial and hydraulic constraints presented in Table 1 . Algorithm 3 presents the procedure that builds the graph and solve the shortest path problem. The process evaluates all arcs between two consecutive manholes as the arc cost following Equation (7); where the pipe diameter is set as in Equation (5) Once the normal depth y n and all the hydraulic properties are updated, the hydraulic constraints established in Table 1 must be verified, as shown in Algorithm 6. A Boolean flag is used in line 1 to verify that a pipe satisfies all the hydraulic constraints. If there is at least one constraint that is not satisfied, the arc that represents that pipe is considered infeasible and is discarded for the design. Lines 2 and 4 verify the maximum velocity for rough and smooth materials, respectively.
The minimum wall shear stress and minimum velocity are evaluated in lines 6 and 8. Finally, line 10 verifies that the filling ratio is below 80% when having critical flow. and the slopes of the pipes are in favor of gravity.
NUMERICAL EXAMPLES Experiment setup
The algorithm is tested over 16 theoretical instances that are generated varying the number of pipes in the series (5, 10, 15, and 20), using two different materials (concrete and is very small, and therefore, thousands of feasible partial alternatives reach the lower excavation limit before reaching the outfall manhole. Table 5 presents the design of a series of 20 pipes on flat ground using PVC pipes and e ∇ ¼ 1 cm. The downstream invert elevation of each pipe determines the upstream invert elevation for the next pipe. For the first pipe, the upstream invert elevation corresponds to the ground elevation minus the minimum depth (h min ) and the pipe diameter. In this case, the invert elevation of the first pipe is 159.17 m. Table 6 presents the design of another series of 20 pipes on steep ground with the same elevation change and material ( e ∇ ¼ 1 cm and PVC pipes). In this case, the invert elevation for the first pipe is 160:1 m.
The effect of varying the elevation change e ∇ from 1 cm to 5 cm and 10 cm is also analyzed. The lowest cost is achieved with a highest precision ( e ∇ ¼ 1 cm) because more alternatives are evaluated. In this experiment, the same costs are found using e ∇ ¼ 1 cm and e ∇ ¼ 5 cm, but for e ∇ ¼ 10 cm the cost increases in all the instances. Table 7 presents the relative gap between the cost of the solutions obtained with e ∇ ¼ 1 cm and e ∇ ¼ 10 cm. For example, the cost of a series of 20 pipes on steep ground using PVC pipes and e ∇ ¼ 1 cm is $53,738.8, but using e ∇ ¼ 10 cm the cost rises to $61,813.4. Thus, the relative gap is 15% and is due to the accuracy reached with each elevation change e ∇.
For the flat ground setup, no feasible solutions are found for the series of 20 pipes using e ∇ ¼ 10 cm (neither for concrete pipes nor for PVC pipes). This occurs because there are fewer alternatives in the 3.8 m range above the ground to place the deeper pipes.
On the other hand, the computational time is far less for a design with an elevation change of e ∇ ¼ 10 cm than with an elevation change of e ∇ ¼ 1 cm or e ∇ ¼ 5 cm. the design of the series of 20 pipes with steep ground and using PVC pipes takes 186.65 seconds using a e ∇ ¼ 1 cm and 1.85 seconds using a e ∇ ¼ 10 cm, but there is a relative gap of 15% in the cost of both solutions. Moreover, this gap increases proportional to the number of pipes. Therefore, it is worth spending more computational time minimizing the total cost as exhibited in Table 7 , but it is also important to account for the computational time because it gives an insight into how the proposed methodology scales.
CONCLUSIONS AND FUTURE WORK
In this work, a graph modeling framework is proposed in order to obtain the minimum-cost design of a series of pipes as a shortest path problem. The proposed graph takes into account every possible diameter and slope combination found in each of the series' pipes. A path on the graph 
